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$T=(t_{rj})_{1\leq r}\leq k,1\leq j\leq n$ $k\cross n$ $M(k, n)$
$n$ $\lambda=(\lambda_{1}, \lambda_{2}, \ldots, \lambda_{n})$
$\Phi(gT)=\det(g)-1\Phi(\tau)$ $(g\in GL(k))$ (1.1)
$\Phi(\tau \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(C1, \ldots, c_{n}))=\Phi(T)c_{1^{\lambda_{1}\ldots\lambda_{n}}}Cn$ (1.2)
$\triangle_{i,j}^{r,s}\Phi(\tau)=0$ (1.3)
$\Delta_{i,j}^{r,s}=\frac{\partial^{2}}{\partial t_{ri}\partial t_{Sj}}-\frac{\partial^{2}}{\partial t_{Si}\partial trj}$




‘ $\{\xi_{j_{1}\cdots jk}\}_{1}\leq j_{1},\ldots,jk\leq n$ $0$
$\xi_{j_{1}\ldots j_{k}}=\sum_{\omega\in s_{k}}(-1)^{(\omega)}\iota t1t_{\omega}\omega()j_{1}(2)j2^{\cdot}$
. . $t_{\omega(k)j}k$ (1.4)
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$S_{k}$ $k$ $l(\omega)$ $\omega\in S_{k}$
( $k$ minor )
$\{\xi_{j_{1}\cdots j_{k}}\}$ Pl\"ucker coordinates
Pl\"ucker relation
Proposition 1.1. $1\leq i_{1},$ $\ldots,$ $i_{k-1}\leq n,$ $1\leq j_{0}\leq\cdots\leq j_{k}\leq n$
$\sum_{m=0}^{k}(-1)^{m}\xi i_{1}\cdots i_{k-1}jm\xi_{j\cdots j\hat{m}\dot{\mathcal{J}}}0\ldots k=0$ (1.5)
Pl\"ucker coordinates $T$
$T$ $=$ $\mathrm{x}T’$ (1.6)
$T’=$ (1.7)
$x_{j}^{r}=(-1)^{r-1}(\xi_{1}\ldots k)-1\xi_{\hat{r}}j\text{ }$ $\xi_{\hat{r}j}=\xi 1\cdots\hat{r}\cdots kj$




$(1.1)_{\text{ }}$ (1.2) $x=(x_{j}^{r})$
2
$\sum_{j=k+1}^{n}x_{j}^{r}\frac{\partial}{\partial x_{j}^{r}}G(x)=(-\lambda_{r}-1)G(x)$ for $1\leq r\leq k$ (1.9)
$\sum_{r=1}^{k}xj\frac{\partial}{\partial x_{j}^{r}}rG(x)=\lambda_{j}G(x)$ for $k\leq j\leq n$ (1.10)














$(a_{j}^{r})_{2\leq r}\leq k,k+2\leq j\leq n$ ’ ‘





Remark 1.2. (1.13) $(k, n)=(2, n)$ $F_{2,n}$





$\{E_{i,j}\}_{1\leq i},j\leq n$ Lie Lie
$gl(n)$ $k\cross n$ $F_{k,n}(z; \lambda)$
$\exists_{\nu(;i,j)}\lambda\in \mathrm{c}$
$E_{i,j}F_{k,n}(Z;\lambda)=\nu(\lambda;i,j)Fk,n(z;\lambda_{j}i)$ (1.15)




$\{E_{i,j}\}$ $\mathrm{C}[t_{11}, \ldots, t_{kn}]$
$U(gl(n))$-module $U_{q}$
$G_{\lambda}(x)$
(1.9) –(1.10) $x=(x_{j}^{r})$ 2
$\{E_{i,j}\}$
$E_{r,r}\cdot G(x)=(-\lambda_{r}-1)G(x)$ $(1 \leq r\leq k)$
(1.16)
$E_{j,j}\cdot G(x)=\lambda_{j}G(x)$ $(k+1\leq j\leq n)$
$U(gl(n))$ $C_{ij}$
$C_{ij}=(E_{i,i}+1)E_{j},j-Ej,iEi,j$ (1.17)
$C_{ij}= \sum_{1\leq r<s\leq k}(t_{r}itsj-t_{si}t_{rj})\Delta^{r}i,’ jS$
(1.18)
$G_{\lambda}(x)$
$E_{r,r}\cdot G(x)=(-\lambda_{r}-1)G(x)$ $(1 \leq r\leq k)$
(1.19)
$E_{j,j}\cdot G(x)=\lambda_{j}G(x)$ $(k+1\leq j\leq n)$
$C_{ij}\cdot\{(\xi_{1\cdots k})^{-1}G(x)\}=0$ (1.20)
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$k\cross n$ $F_{k,n}$ $U(gl(n))$




$U_{q}(gl(n))$ ( $U_{q}$ )
$U_{q}$ $U(gl(n))$ $q$-analogue $e_{j^{\text{ }}}$ $f_{j}(1\leq$
$j\leq n-1)_{\text{ }}q^{\pm\epsilon_{j}}(1\leq j\leq n)$
$h=a_{1}\epsilon_{1}+\cdots+a_{n}\epsilon_{n}(a_{j}\in \mathrm{Z})$
$q^{h}=q^{a_{1}\epsilon_{1}\ldots a\epsilon}qnn$
$q^{0}=1$ , $q^{h}q^{h’}=q^{h+h’}$ ,
$qe_{j}q^{-}=q^{\langle}j-\epsilon_{j}+1e_{j}hhh,\epsilon\rangle$ , $q^{h}f_{j}q^{-h}=qj+1f_{j}\langle h,-\epsilon_{j}+\epsilon\rangle$ ,
$e_{i}f_{j}-f_{j}e_{ii}= \delta,j\frac{q^{\epsilon_{i}-\epsilon_{i+1}}-q-\epsilon_{i}+\epsilon i+1}{q-q^{-1}}$ ,
(2.1)
$e_{i}e_{j}=e_{j}e_{i}$ , $f_{i}f_{j}=f_{j}f_{i}$ $(|i-j|\geq 2)$ ,
$e_{i^{2}}e_{j}-(q+q^{-1})e_{i}e_{j}e_{i}+e_{j}e_{i^{2}}=0$ $(|i-j|=1)$ ,
$fi^{21}f_{j}-(q+q)-f_{i}fjfi+fjfi^{2}=0$ $(|i-j|=1)$ ,
$\langle\cdot, \cdot\rangle$ – $\langle\epsilon_{i}, \epsilon_{j}\rangle=\delta_{ij}$
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Classical case Lie $gl(n)$ – $E_{i,j}$
$[\cdot, \cdot]$ Lie bracket
$E_{i,j}=[E_{i,h}, E_{h,j}]$ $(i_{>}^{<}h_{>}^{<}j)\forall$
inductive $U_{q}$ $\hat{E}_{i,j}(i\neq j)$
inductive
$\hat{E}_{j,j+1}=e_{j}$ , $\hat{E}_{j+1,j}=f_{j}$ ,
(2.2)
$\hat{E}_{i,\dot{g}}=\hat{E}_{i,k}\hat{E}_{k},-\dot{g}q\hat{E}_{k},j\pm 1\hat{E}_{i,k}$ $(i_{>>}^{<\forall_{k}}<_{j)}$
$U_{q}$ coproduct $\Delta_{\text{ }}$ counit $\epsilon_{\text{ }}$ an-
tipode $S$ Hopf algebra
$\triangle(q^{h})$ $=$ $q^{h}\otimes q^{h}$ ,
$\triangle(e_{j})$ $=$ $e_{j}\otimes 1+q^{\epsilon_{j}-}\epsilon_{j+1}\otimes e_{j}$ ,
$\triangle(f_{j})$ $=$ $f_{j}\otimes q^{-\epsilon_{j}}+\epsilon j+1+1\otimes f_{j}$ ,
$\epsilon(q^{h})=1$ , $\epsilon(e_{j})=\epsilon(f_{j})=0$ ,
$S(q^{h})=q^{-h}$ , $S(e_{j})=-q^{-\epsilon_{j}+}+1e_{j}\epsilon_{j}$ , $s(f_{j})=-f_{jq}\epsilon j-\epsilon j+1$
(2.3)
Classical Case action (1.14)
$M(k, n)$ $A(M(k, n))$ $U(gl(n))$-module
$U_{q}$-module $A_{q}(M(k, n))$
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Defi.nition 2.1. $A_{q}(M(k, n))$ alge-
bra
: $t_{rj}$ $(1\leq r\leq k, 1\leq j\leq n)$
: $1\leq r<s\leq k,$ $1\leq i<j\leq n$
$t_{ri}t_{rj}=qt_{r}jtri$ , $t_{ri}t_{Si}=qt_{Si}tri$ ,
$t_{rjj}t_{S}=qt_{s}jt_{r}j$ , $t_{sij}t_{S}=qt_{j}StSi$ ,
trjtsi $=ts\mathrm{i}trj$ ’ $t_{ri}t_{Sj}-t_{s}jt_{r}i=(q-q-1)trjt_{S}i$
– $1\leq r<s\leq k,$ $1\leq i<j\leq n$
$=$





$A_{q}(M(k, n))$ $t_{rj}$ $U_{q}$ ac-
tion $A_{q}(M(k, n))$ $U_{q^{-}}$
module
$q^{h}\cdot t_{rj}=q^{<h,\epsilon_{j}>}t_{r}j$ , $ek.t_{rj}=\delta k+1,jtrk$ , $fk.trj=\delta_{k},jtrk+1$
(2.5)
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$A_{q}(M(k, n))$ $t_{rj}$ Pl\"ucker coordinates
$q$-analogue quantum minor $\{\xi_{j_{1}\cdots j_{k}}\}$
$\xi_{j_{1}\cdots j_{k}}=\sum_{\omega\in S_{k}}(-q)^{(\omega}\iota)t\omega(1)j_{1}\omega(t2)j_{2}\ldots t(\omega k)j_{k}$
(2.6)
$(2.4)_{\text{ }}$ (2.6)
Proposition 2.2. $j_{1}\leq j_{2}\leq\cdots\leq j_{k}\text{ }\omega\in S_{k}$ $\text{ }$
$\xi_{j_{1}\cdots j_{k}}=(-q)^{-}l(\omega)\xi_{j_{\omega(1)}\cdots j}\omega(k)$ . (2.7)
$\text{ }_{}^{\vee}$ quantum minor $\not\in$) Classical case $\sigma y$ Pl\"ucker relation
$q$-analogue O
Proposition 2.3. $1\leq i_{1},$ $\ldots,$ $i_{k-1}\leq n,$ $1\leq j_{0}\leq\ldots\leq j_{k}\leq n$
$\sum_{m=0}^{k}(-q)^{m}\xi_{i_{1}}\ldots ik-1j_{m}\xi_{j\mathrm{o}j_{\hat{m}}\cdots\dot{r}}\ldots k=0$ (2.8)
$\{\xi_{j_{1}\cdots j_{k}}\}$ $A_{q}(M(k, n))$ subalgebra $A$ $U_{q^{-}}$
submodule
Classical case $(1.6)-(1.7)$ $(\xi_{1\cdots k})^{-1}$
Pl\"ucker coordinates
$A$ localization $A[(\xi_{1\cdots k})^{-1}]$
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Theorem 2.4. $A[(\xi_{1\cdots k})^{-1}]$ $\xi_{1\cdots k^{\pm 1}}\text{ }\xi_{\hat{r}j}(1\leq r\leq k,$ $k+$
$1\leq j\leq n)$ algebra monomial
basis
$\xi_{\hat{1}n}^{\nu_{n}^{1}\nu_{n}^{1}}\xi_{\hat{1}n}-1\ldots\xi_{\hat{1}k1}^{\nu^{12}}-1k+1+\hat{2}n\hat{2}n-1\xi^{\nu_{n}\nu^{2}}\xi n-1\ldots\xi^{\nu_{k}}\hat{k}k+1\xi^{\mu}k+11\cdots k$ (2.9)
$\nu_{j}^{r}\in \mathrm{z}_{\geq 0\text{ }}\mu\in \mathrm{Z}\mathrm{o}$
$\nu=(\nu_{j}^{r})1\leq r\leq k,k+1\leq j\leq n$
$\xi^{\nu}=\xi_{\hat{1}n}^{\nu_{n}^{1}\nu_{n}^{1}}\xi_{\hat{1}n}--11\ldots\xi_{\hat{1}k^{+1}}\xi\nu_{k}^{12}+1\hat{2}n\hat{2}n\nu_{n}\xi^{\nu_{n}\ldots\nu_{k}}2-1-1\hat{k}k+1\xi k+1$ (2.10)
Pl\"ucker relation
$\text{ }\xi_{1\cdots k}$ $\xi\hat{r}j(1\leq r\leq k, k+1\leq j\leq n)$




localization $A[(\xi_{1\cdots k})^{-1}]$ ( Classical





Classical case $F_{k,n}$ Lie
$U_{q}$ q-
q- $\varphi_{k,n}$
(1.8) $x$ $A[(\xi_{1\cdots k})^{-1}]$
subspace
$\mathcal{M}_{k,n}=\nu\in(\mathrm{z}_{\geq 0}\oplus)k(n-k)\mathrm{C}\xi^{\nu}\xi 1\cdots k^{-1}\nu|-1$
(3.1)
$| \nu|=\sum_{r,j}\nu_{j}^{r}$
$\mathcal{M}_{k,n}$ $A[(\xi_{1\cdots k})^{-1}]$ $U_{q^{-}}$
submodule $\forall_{a}\in U_{q}$ $\mathcal{M}_{k,n}$ action
$\overline{\rho}(a)$ : $\mathcal{M}_{k,n}arrow \mathcal{M}_{k,n}$ (3.2)
$k\cross(n-k)$ $x=(x_{j}^{r})_{(\leq\leq k+}1rk,1\leq j\leq n)$
C $k\cross(n-k)$ $\nu=$
$(\nu_{j}^{r})_{(1}\leq r\leq k,k+1\leq j\leq n)$
$x^{\nu}$
$x^{\nu}=1 \leq r\leq k,k\prod_{+1\leq j\leq n}xjr\mathcal{U}^{r}j$
(3.3)
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$\psi_{\emptyset}(x^{\nu})=\xi\nu\xi 1\cdots k^{-}q|\nu|-1\phi(\mathcal{U})$ (3.5)













$qf\theta_{j}^{r}(X_{k+}1, x_{n}1’\ldots k)=f(x^{1}k+1’\ldots, qx_{j},., X)r..kn$ (3.8)
action
([4] )
$U_{q}$ $\wedge ij$ (











$A_{r,s\text{ }}B_{s}$ $x_{\text{ }}q^{\theta_{j}^{r}}(1\leq r\leq k;k+1\leq j\leq n)$
$\wedge \mathrm{i}j$
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$k\cross n$ $F_{k,n}$ $U_{q}$
$U_{q}$
q-
$\rho_{\phi}(q^{\epsilon}r)G(.x)=q^{-}G\lambda_{r}-1(X)$ $(1 \leq r\leq k)$ (3.10)
$\rho_{\phi}(q^{\epsilon_{j}})G(x)=q^{\lambda_{j}}G(x)$ $(k+1\leq j\leq n)$ (3.11)
$\rho_{\phi}(\hat{c}_{ij})c(X)=0$ $(1 \leq i\neq j\leq n)$ (3.12)
$\lambda=(\lambda_{1}, \ldots, \lambda_{n})$ $\lambda_{1}+\cdots+\lambda_{n}=-k$ $n$
$(3.10)_{\text{ }}$ (3.11) $x=(x_{j}^{r})$ 2
$U_{q}$
$(k-1)\cross(n-k-1)$ $z=(z_{j}^{r})_{(\leq\leq k+}2rk,2\leq j\leq n)$
$k\mathrm{x}n$ q- $\varphi_{k,n}(\lambda;q, Z)$
$\varphi_{k,n}(\lambda;q, z)=a^{r}\geq\sum_{j}.\frac{\prod^{n}j=k+2(q-\lambda j\cdot q)_{1}A_{j}|\prod r=k2(qr1.q)_{|A^{r}}\lambda+|}{(q^{\gamma},q)_{|A|^{\prod(q}}r,jq)_{a_{j}^{\mathrm{r}}}}0’.,’ z^{A}$
(3.13)
$(a;q)_{n}=(1-a)(1-aq)\cdots(1-aq^{n-1})$
Remark 3.1. $qarrow 1$ $\frac{1-q^{n}}{1-q}arrow n$
$\varphi_{k,n}$ $F_{k,n}$
Thorem 3.2. $\phi(\nu)$








q- $(3.10)-(3.12)$ $k\cross n$ q-
4. Contiguity Relation
q- $\varphi_{k,n}$ Contiguity Relation
$\varphi_{\lambda}=\varphi_{k,n}(\lambda;q^{2}, \mathcal{Z})$








Proposition4.1. $\alpha_{j}^{i}=\epsilon_{i}-\epsilon_{j}$ q- $\varphi_{\lambda}$
Contiguity relation
$\pi_{\lambda}(\hat{E}_{1,r})\varphi_{\lambda}=(-1)^{r}q^{\lambda_{1}-2}r+[\lambda_{r}+\gamma+\tau_{1},1\gamma-1]\varphi\lambda+\alpha_{r}^{1}$
$(2\leq r\leq k)$ ,
$\pi_{\lambda}(\hat{E}_{r,1})\varphi\lambda=(-1)^{r}q-\lambda 1+2\lambda_{r}-\gamma-\tau_{1,r}+1\frac{[\lambda_{1}][\lambda_{r}+1]}{[\gamma]}\varphi\lambda+\alpha_{1}^{r}$




$(k+2\leq j\leq n)$ ,
$\pi_{\lambda}(\hat{E}_{j,1})\varphi_{\lambda}=.(-1)^{k}-1q-\lambda_{k}+1+\gamma+2\lambda j-\tau_{1},j[\lambda 1]\varphi\lambda+\alpha_{1}j$
$(k+2\leq j\leq n)$ ,
$\pi_{\lambda}(\hat{E}_{r,s})\varphi_{\lambda}=(-1)^{r}-sq^{2}r-\lambda s+\mathcal{T}_{r,s}+2[\lambda 2\lambda r+1]\varphi_{\lambda\alpha_{S}}+r$
$(2\leq r<s\leq k)$ ,
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$\pi_{\lambda}(E_{S},r)\varphi_{\lambda}=(-1)r-s.\lambda_{r}+\cdot z\lambda S^{-\mathcal{T}_{r}},s+\cdot \mathit{2}[q^{-\Delta}\lambda_{S}+1]\varphi_{\lambda+}\alpha_{r}^{\epsilon}$
$(2\leq r<s\leq k)$ ,
$\pi_{\lambda()}\hat{E}_{r,k+1}\varphi\lambda=(-1)^{k+1}-r-q\lambda 1-\gamma+2\lambda_{\Gamma}+\tau_{r},k+1+1[\lambda_{r}+1]\varphi\lambda+\alpha_{k+}^{r}1$
$(2\leq r\leq k)$ ,
$\pi_{\lambda}(\hat{E}_{k+}1,r)\varphi\lambda=(-1)^{k}+1-rq-2\lambda_{r}-\mathcal{T}r,k+1+[\lambda 1+\gamma 1\lambda_{k1}++1]\varphi_{\lambda\alpha^{k}}+r+1$
$(2\leq r\leq k)$ ,
$\pi_{\lambda}(\hat{E}_{r,j})\varphi\lambda=(-1)k+1-r-q\lambda 1+2\lambda r+\lambda k+1-2\lambda j-2\gamma+\tau r,j+2$
$\cross\frac{[\lambda_{r}+1][\lambda_{j}]}{[\gamma]}\varphi_{\lambda+\alpha_{j}^{r}}$
$(2\leq r\leq k;k+2\leq j\leq n)$ ,
$\pi_{\lambda}(\hat{E}_{j,r})\varphi_{\lambda}=(-1)^{k+}1-rq^{\lambda_{1}2\lambda-\lambda_{k+1}+}-r2\lambda_{j}+2\gamma-\tau_{r,j}[\gamma-1]\varphi\lambda+\alpha_{r}^{j}$
$(2\leq r\leq k;k+2\leq j\leq n)$ ,
$\pi_{\lambda(\hat{E}_{k+1,j})\frac{[\lambda_{k+1}+1][\lambda_{j}]}{[\gamma]}\varphi_{\lambda\alpha^{k}}+}\varphi\lambda=q\lambda_{k}+1-\gamma-2\lambda j+\mathcal{T}_{k+}1,j+2+j1$
$(k+2\leq j\leq n)$ ,
$\pi_{\lambda}(\hat{E}_{j,+1}k)\varphi_{\lambda}=q^{-}j-\mathcal{T}k+1,j[\lambda_{k+1}+\gamma+2\lambda\gamma-1]\varphi\lambda+\alpha^{j}k+1$
$(k+2\leq j\leq n)$ ,
$\pi_{\lambda}(\hat{E}_{i,j})\varphi\lambda=qj+\tau_{i,j}[2\lambda_{i}-2\lambda+2\lambda j]\varphi_{\lambda+\alpha_{j}^{i}}$
$(k+2\leq i<j\leq n)$ ,
$\pi_{\lambda}(\hat{E}_{j,i})\varphi\lambda=q^{-2\lambda_{i}2}-\mathcal{T}i,j2[+\lambda_{j}+\lambda i]\varphi\lambda+\alpha_{i}j$




Proposition $k\cross n$ q- $\varphi_{\lambda}$
$U_{q}$
Remark 4.2. Proposition 4.1. Theorem
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